We perform a Kaluza-Klein reduction of eleven-dimensional supergravity on a Calabi-Yau fourfold including terms quartic and cubic in the Riemann curvature and determine the induced corrections to the three-dimensional N = 2 effective action. We focus on the effective Einstein-Hilbert term and the kinetic terms for vectors. Dualizing the vectors into scalars, we derive the resulting Kähler potential and complex coordinates. The classical expressions for the Kähler coordinates are non-trivially modified, while the functional form of the Kähler potential is shown to be uncorrected. For elliptically fibered Calabi-Yau fourfolds the corrections can be uplifted to a four-dimensional F-theory compactification. We argue that also the four-dimensional N = 1 Kähler coordinates receive non-trivial corrections. We find a simple expression for the induced corrections for different Abelian and non-Abelian seven-brane configurations by scanning over many Calabi-Yau fourfolds with resolved singularities. The interpretation of this expression leads us to conjecture that the higher-curvature corrections correspond to α ′2 corrections that arise from open strings at the selfintersection of seven-branes.
modification of the kinetic terms of the vector fields that readily translates to a correction to the 3d Kähler coordinates. Both the corrections to the Kähler potential and the Kähler coordinates depend on the third Chern class of the internal manifold. Remarkably, we find that the functional dependence of the Kähler potential on the modified Kähler coordinates is not modified in comparison to the classical result. In particular, the Kähler potential still satisfies a strict no-scale condition as is already the case for the classical reduction without higher curvature terms. Let us stress, however, that in [17] it was found that a general M-theory reduction on a Calabi-Yau fourfold also includes a warp factor and we will neglect warping effects in this work.
Having derived the 3d, N = 2 Kähler potential and Kähler coordinates, we proceed by discussing the F-theory limit to four space-time dimensions. In order to do that, one has to restrict to an elliptically fibered Calabi-Yau fourfold and separate the volume of the elliptic fiber. This volume modulus maps to the radius of a circle used in reducing a 4d, N = 1 theory to three dimensions. Identifying the correct scaling limit, one finds that also the 4d Kähler coordinates and Kähler potential admit corrections that are now α ′ -dependent. As in three dimensions, however, the functional dependence of the 4d Kähler potential on the corrected coordinates is identical to the one found for the classical reduction. This implies the standard 4d no-scale condition.
It is an interesting question to interpret the α ′ corrections to the Kähler coordinates and Kähler potential in Type IIB string theory. In order to approach this, we argue for a simple formula that allows to express the third Chern class corrections in terms of seven-brane locations in the base of the elliptic fibration. While we do not have a general derivation of this formula, we are able to successfully test its validity for numerous seven-brane configurations with Abelian and non-Abelian gauge groups. In order to give an open string interpretation we then take the Type IIB weak string coupling limit [18, 19] . We argue that the identified F-theory α ′ corrections depend crucially on the topological properties of the self-intersection curve of the involved Abelian and non-Abelian D7-branes. A simple counting of powers of the string coupling suggests that the correction to the Kähler coordinates, identified as gauge coupling functions of D7-branes, arises at string one-loop level. Different α ′ corrections to F-theory effective actions and their weak coupling interpretations have been found in [20, 21] .
The paper is organized as follows. In section 2 we perform a dimensional reduction of the recently found higher curvature terms [16] to determine the kinetic terms of the vectors in the 3d, N = 2 effective action. This result allows us to derive the N = 2 Kähler coordinates for the Kähler potential found in [9] and comment on the no-scale structure of the effective theory. The F-theory limit to four dimensions is carried out in section 3 for elliptically fibered Calabi-Yau fourfolds. Implementing the limit, we then derive the α ′ -corrected 4d, N = 1 Kähler potential and Kähler coordinates. Finally, in section 4, we argue for a simple universal formula that allows to evaluate the α ′ corrections in F-theory using the seven-brane data. In the weak string coupling limit we find that the α ′ corrections seem to arise from open strings localized at the self-intersections of D7-branes. We test these statements for various Abelian and non-Abelian seven-brane configurations. In appendix A we summarize our conventions and give various useful identifies. A simple analytic computation of the third Chern class for SU (2) setups is presented in appendix B.
Higher-derivative corrections in M-theory on Calabi-Yau fourfolds
In this section we derive the three-dimensional effective action of eleven-dimensional supergravity including a known set of eight-derivative corrections. More precisely, we dimensionally reduce higher curvature terms with four Riemann tensors found in [10] [11] [12] [13] [14] [15] and terms quadratic in the M-theory field strength G 4 and cubic in the Riemann tensors introduced in [16] . In subsection 2.1 we collect the relevant terms of the 11d supergravity action and recall the general form of a 3d, N = 2 supergravity theory. Both are connected by a dimensional reduction that we carry out in subsection 2.2. Finally, in subsection 2.3 we determine the 3d, N = 2 coordinates and the Kähler potential. We also comment on the no-scale properties of the resulting theory.
11d higher-curvature corrections and 3d supergravity
In order to set the stage for performing the dimensional reduction, let us first collect the relevant terms of the 11d supergravity theory. In the following we will focus only on the purely bosonic parts of the various supergravity theories. The two-derivative action of 11d supergravity [22] together with the relevant eight-derivative terms found in [10] [11] [12] [13] [14] [15] [16] reads 
(2.4)
The constant k 1 is given by k 1 = (4πκ 2 11 ) 2/3 (2π) 4 3 2 2 13 .
(2.5) 1 The coefficient of the R 4 , G 2 R 4 and X8 term of [16] is different from the one derived by [15] which we used to derive the result of our recent paper [9] . Thus (2.1) is not exactly the one given by [16] , but the higher derivative corrections are divided by the additional factor of (2π) 4 3 2 2 13 .
Since the explicit form of the higher-derivative corrections is rather lengthy, we summarize them in detail in appendix A. 3 In order to derive the 3d effective action, the terms summarized in (2.1) have to be reduced on a background of the form M 2,1 × M 8 , where M 2,1 is the non-compact macroscopic space-time and M 8 is the internal compact space. Supersymmetric solutions including background fluxes for G 4 and certain higher-derivative corrections have been found in [17] . In general, these solutions include a warp factor multiplying the metric of M 2,1 that depends on the internal coordinates.
For a supersymmetric background, the resulting theory admits four supercharges and can hence be matched with the canonical form of the 3d, N = 2 action. In general, this action propagates a number of complex scalars N A in chiral multiplets coupled to non-dynamical vectors. In the following, we will only consider the ungauged case and can hence start with a 3d theory with only gravity and chiral multiplets. 2 The bosonic part of the N = 2 action reads [24] 
Supersymmetry ensures that the metric K AB is actually encoded in a real Kähler potential K(N,N ) as K AB = ∂ N A ∂NB K. Even in the absence of gaugings, a scalar potential can arise from a holomorphic superpotential W (N ) and takes the form
where K AB is the inverse of K AB and
In order to match the action (2.6) with the dimensional reduction of M-theory, it turns out to be useful to dualize some of the scalar multiplets N A into 3d vector multiplets. Therefore, we decompose N A = {M I , T Σ } and split the index as A = (I, Σ). If the real scalars ImT Σ have shift symmetries, it is possible to dualize them to vectors A Σ . The real parts of T Σ are redefined to real scalars L Σ that naturally combine with the vectors A Σ into the bosonic components of N = 2 vector multiplets. The dual 3d, N = 2 action reads
The new couplings can now be derived from a real functionK(L, M,M ) known as the kinetic potential according tõ
The Kähler potential K and kinetic potentialK as well as the fields ReT Σ and L Σ are related by a Legendre transform. Explicitly, the relations are given bỹ
In reverse, one finds that
In the following we aim to read off the Kähler potential K and metricK ΣΛ from the dimensional reduction of the 11d action (2.1).
Neglecting higher-derivative terms, the N = 2 Kähler potential arising from a reduction on a Calabi-Yau fourfold M 8 = Y 4 was derived in [6, 7] . For the Kähler structure moduli it was found to be 12) where V 0 is the classical volume of Y 4 , and J is the Kähler form on Y 4 . Note that the quantity in the logarithm, i.e. the volume V 0 , appears in front of the 3d Einstein-Hilbert term after dimensional reduction. In order to move to the standard Einstein frame, it has to be removed by a Weyl rescaling of the metric g new = V 2 0 g old . In fact, due to the Weyl rescaling also the scalar potential is rescaled and by comparison with the factor e K in (2.7) one can heuristically infer (2.12).
Including the higher-derivative terms present in S R given by (2.2), one expects a correction to the classical Kähler potential (2.12). Neglecting warping, the precise form of the correction to K was derived in [9] . Indeed, the reduction of S R gives the 3d Einstein-Hilbert term
with the quantum corrected volume
Applying the same strategy as above, one can then infer the corrected Kähler potential to be
Here we have used the conventions 3
It is important to emphasize that this derivation does not suffice to fix the 3d Kähler coordinates T Σ . This can be achieved by reading off the metricK ΣΛ in front of the dynamical terms of the 3 
This corresponds to setting
This chooses the frame where the vectors are dynamical and one can compare them to the canonical form of the action (2.8). To do this, one first has to Weyl rescale the action to get rid of the quantum volume V in front of the Einstein-Hilbert term (2.13). In the process, one introduces a power of V in front of the kinetic term of the vectors and one finds
After comparing to (2.8) and using (2.16), one infers thatK red ΛΣ = 2VG ΛΣ . In order to find a consistent reduction,K red ΛΣ has to be compatible with K as given in (2.15) and (2.14) . This fixes the 3d Kähler coordinates T Σ as we discuss in more detail in subsection 2.3.
Dimensional reduction of higher-curvature terms
In this subsection we present the reduction of (2.3) on a Calabi-Yau fourfold to three dimensions with focus on the kinetic terms of the vectors. The variations of the Calabi-Yau metric split into h 1,1 (Y 4 ) Kähler structure and h 3,1 (Y 4 ) complex structure deformations. For simplicity we will consider geometries with h 2,1 (Y 4 ) = 0 in the following. Furthermore, we will not consider the complex structure deformations in the remainder of this work. In fact, one can check that the corrections analyzed in the following are indeed independent of the complex structure.
The Kähler structure deformations parametrize the variations of the Kähler form J by expanding 19) where {ω Σ } is a basis of harmonic (1, 1)-forms on Y 4 , and v Σ correspond to real scalar fields in the 3d effective theory. Let us define the intersection numbers 20) which allow us to abbreviate
These quantities can be expressed as integrals including powers of J using (2.19). Furthermore, we define the topological quantities χ Σ and their J-contraction χ(J) as 22) where c 3 (Y 4 ) is the third Chern class of the tangent bundle of Y 4 . Note that χ Σ contains six internal derivatives.
In our reduction ansatz, the M-theory three-form C 3 is expanded into the harmonic (1, 1)-forms introduced in (2.19) with vector fields A Σ as coefficients. Hence, the field strength G 4 of C 3 takes the form 23) where the F Σ = dA Σ are the field strengths of the 3d vector fields. Here we also introduced explicit real coordinates x µ , µ = 0, 1, 2 on M 2,1 and complex coordinates z α , α = 1, 2, 3, 4 on M 8 .
Using (2.23), one performs the dimensional reduction of the classical part of (2.3), see [6, 7] , and finds
To rewrite expressions in terms of the quantities introduced in (2.21) and (2.22) , one makes use of identities valid for the Hodge star * 8 evaluated on certain internal harmonic forms. The most important identities of this form are
We will further discuss these equations in appendix A.5 and derive additional relations that straightforwardly follow from (2.25). These identities will be repeatedly used in the following. For example, applying the first equation in (2.25) one finds
Let us now perform the dimensional reduction of the higher derivative corrections in (2.3) by applying the same logic as for the classical part discussed above. This requires us to use (2.23), (2.25) and related identities summarized in appendix A.5. We begin by discussing the reduction of t 8 t 8 G 2 4 R 3 and proceed with the reduction of ǫ 11 ǫ 11 G 2 R 3 . We consider only terms that have two external derivatives and depend on the gauge fields A Σ . Hence, G 4 is of the form (2.23) and has two external and two internal indices. All other remaining summed indices are purely internal. The reduction of t 8 t 8 G 2 4 R 3 then yields 4
Here, the symbols • schematically represent all appearing permutations of internal indices dictated by the index structure of the t 8 tensor. Each of the 14 terms in (2.27) is of the general form
None of the 14 terms in (2.27) arise from top forms containing the third Chern class c 3 (Y 3 ), which can be seen by analyzing their index structure.
Similarly, one reduces ǫ 11 ǫ 11 G 2 4 R 3 and finds the following terms contributing to the kinetic terms of the vectors 1 96 
One uses the identities (2.25) and (A.27) -(A.31) to express the result in terms of the basic building blocks (2.21) and (2.22) . Applying the identities (A.27) and (A.29), one finds
In the next step, we relate this result to the canonical form of the 3d, N = 2 action (2.8) as already outlined in subsection 2.1. Taking into account the contribution arising from the reduction of the classical kinetic term (2.24) and performing the Weyl rescaling with the quantum corrected volume (2.14), one can read off the couplingsK red ΣΛ that arise from the reduction. We find an overall factor of 3 · 2 8 · k 1 = π 2 24 for the contributions from (2.30) . This is the same factor that appeared in the corrected volume V given in (2.14). Due to the Weyl rescaling, the volume correction also contributes toK red ΣΛ in linear order in χ Σ . Note that we will neglect quadratic corrections in χ Σ to the Kähler metric in all of our computations. These corrections would contain six Riemann tensors of the internal space and would thus have twelve derivatives. Performing all outlined steps, we finally arrive at the result
with the classical coupling functioñ
This concludes the dimensional reduction of the action S G 4 given in (2.3). In the next step, we will use this result to infer the 3d, N = 2 Kähler coordinates. Let us stress that in order to derive the fully reduced action one would also have to consider the kinetic terms of the v Σ by dimensional reduction of S R given in (2.2). However, as we will see next, the result (2.32) together with 3d, N = 2 supersymmetry suffices to fix the Kähler coordinates.
2.3 Determining the 3d, N = 2 coordinates and Kähler potential
As already noted above, the reduction of (2.2) performed in [9] 
(2.34)
In our reduction with h 2,1 (Y 4 ) = 0, the separation into 36) to achieve the matchK ΛΣ =K red ΛΣ . This non-trivial field redefinition might also be interpreted as a quantum correction to the six-cycle volumes. We stress that the last term in (2.36) is constant, since χ Σ are topological quantities, and cannot be inferred by using (2.34). In fact, this term could be removed by a trivial holomorphic Kähler transformation. The reason for including this shift will be explained below.
Having determined both the Kähler potential in (2.15) and the Kähler coordinates in (2.36), one can now show that a 3d no-scale condition holds. More precisely, one derives that
This implies that the term −4|W | 2 in the scalar potential (2.7) will cancel precisely if W is independent of T Λ .
The coordinates T Σ are the propagating complex scalars in the 3d, N = 2 action (2.6). If one changes to different propagating degrees of freedom by dualizing Im T Σ and performing the Legendre transform for Re T Σ as described in subsection 2.1, one arrives at propagating real scalars L Σ in the dual version of the 3d N = 2 action (2.8). It is convenient to perform all computations in this frame, since the Kähler potential K, the Kähler form J, and the geometric quantities (2.21) and (2.22) depend explicitly on the fields v Σ . These are real scalars in the 3d action and correspond to 2-cycle volumes of the internal space. By definition of the Legendre transform one has the relation
To evaluate (2.38) one first needs to compute the partial derivative of the Kähler potential K and the Kähler coordinates T Σ in (2.36) w.r.t. to the fields v Λ . Then one inverts the matrix
. We neglect corrections that have more than six derivatives, which means that they are at least quadratic in χ Σ . This implies that we assume the quantum corrections proportional to χ Σ to be small compared to the classical contribution. Hence, we can expand the inverse matrix by using the formula (A + B)
Using (2.36) and applying the above steps one arrives at
which is valid up to linear order in χ Σ . The dual kinetic potential then takes the form
Note that it is straightforward to evaluate the coordinates Re T Σ given in (2.36) as a function of L Σ given in (2.39) as
This is clearly consistent with (2.11) when using (2.41).
Let us close this section with some further remarks. First of all, note that by using the field redefinition (2.39) one finds the same functional dependence ofK(L) w.r.t. L Σ as in the classical reduction without higher curvature terms. This is equally true when evaluating the Kähler potential K given in (2.15) as a function of the corrected T Σ given in (2.36). Clearly, this implies the no-scale condition (2.37) to linear order in the correction χ Σ . Secondly, note that the redefinition of L Σ in (2.38) does not change if one varies the coefficient of the last term in T Σ given in (2.36). The convenient choice made in (2.36) implies that (2.40) and (2.41) do not have irrelevant linear terms of the form χ Σ L Σ .
F-theory limit and the 4d effective action
In this section we examine the 4d effective theory obtained by taking the F-theory limit of the 3d results found in section 2. As in [9] , we use the duality between M-theory and F-theory to lift the l M -corrections to α ′ -corrections of the 4d effective action arising from F-theory compactified on Y 4 . In subsection 3.1 we formulate the F-theory limit in terms of the corrected Kähler coordinates and discuss the resulting 4d Kähler potential. Next, in subsection 3.2 we derive the quantum corrected expressions for the volume of the internal space and for the 4d Kähler coordinates in terms of two-cycle volumes. Analogously to the 3d case, the considered 4d effective couplings turn out to be identical to the classical ones when expressed in terms of the modified Kähler coordinates. We comment on the consequences of this observation.
F-theory limit and the effective 4d, N = 1 effective action
To begin with, we require that Y 4 admits an elliptic fibration over a three-dimensional Kähler base B 3 . We allow Y 4 to accommodate both non-Abelian and U (1) gauge groups. A detailed discussion of its geometry will be given in section 4. The structure of the elliptic fibration allows us to split the divisors and Poincaré-dual two-forms ω Λ , Λ = 1, . . . , h 1,1 (Y 4 ) into three types: ω 0 , ω α , and ω I . The two-form ω 0 corresponds to the holomorphic zero-section, the two-forms ω α to divisors obtained as elliptic fibrations over divisors of the base with α = 1, . . . , h 1,1 (B 3 ), and the two-forms ω I correspond to both the extra sections, i.e. Abelian U (1) factors, and the blow-up divisors, i.e. U (1) factors in the Cartan subalgebra of the non-Abelian gauge group. We can thus expand the Kähler form of the Calabi-Yau fourfold as
where v 0 represents the volume of the elliptic fiber. Accordingly, one can also split the L Σ and T Σ introduced in (2.39) and (2.36) such that
The field R will play a special role in the uplift from three to four dimensions. In fact, one finds that R is given by R = r −2 , where r is the radius of the circle compactifying the 4d theory to three dimensions.
In the F-theory limit one sends v 0 → 0, which translates to sending R → 0. Such an operation decompactifies the fourth dimension by sending the radius r of the 4d/3d circle in string units to infinity: r → ∞. Henceforth, all volumes of the base B 3 will be expressed in units of l s . In all 3d effective quantities one has to retain the leading order terms in such a limit. Therefore we introduce a small parameter ǫ and express the scaling of the dimensionless fields by writing v 0 ∼ ǫ. As explained in [5, 25] , one shows that all v I scale to zero in the limit of vanishing ǫ, whereas v α ∼ ǫ −1/2 . One then infers the scaling behavior of the classical and quantum volume of Y 4 to be V 0 ∼ V ∼ ǫ −1/2 . In the following we use the letter b to denote quantities of the base that are finite in the limit ǫ → 0.
When compactifying a general 4d, N = 1 supergravity theory on a circle, one can match the original 4d Kähler potential and gauge coupling functions with the 3d Kähler potential K or kinetic potentialK. Since we have found that the dependence of K andK on the modified coordinates T Σ and L Σ is the same as in the classical case, we can perform the limit by simply following [5] . Firstly, we recall that the fields T α remain complex scalars in four dimensions, while the T 0 , T I should be dualized already in three dimensions into vector multiplets with (R, A 0 ) and (L I , A I ) and then uplifted to four dimensions. In fact, (R, A 0 ) are parts of the 4d metric, while (L I , A I ) form the Cartan gauge vectors of the 4d gauge group. In this mixed frame one finds a kinetic potential K(R, L I |T α ,T α ), which can be computed for example by Legendre dualization of L α starting from (2.41). This kinetic potential has to be matched with the one arising in a dimensional reduction from four to three dimensions, which has the form
where the L I are the Wilson line scalars from 4d Cartan vectors on a circle, and f IJ (T b α ) is the holomorphic 4d gauge coupling function. As a next step, one can implement the F-theory limit by identifying the 3d fields with appropriate 4d fields. In addition to R = r −2 and identifying the
which are the only L Σ and T Σ that are finite and non-zero in the limit ǫ → 0. This is the same limit as taken in [5] , but with the modified coordinates L Σ and T Σ .
It is now straightforward to determine K F (T b α ), since in the modified coordinates this is just the classical analysis. First of all, one has to evaluate the intersection numbers K ΣΛΓΩ for an elliptic fibration. One finds the always non-vanishing coupling K 0αβγ = K b αβγ , where we have introduced the base intersection numbers K
Second of all, one can split the kinetic potential (2.41) and coordinates (2.42) for an elliptic fibration. The terms of leading order in ǫ are given bỹ
5 One could speculate that also this identification is modified with terms depending on χΣ. This would significantly change the conclusions of our analysis, but we found no further evidence that this should be the case.
where we have replaced the L α with L α b by means of (3.4) . Performing the Legendre transform in order to express everything in terms of T b α and comparing the result with (3.3) setting R = r −2 one finds
where one has to solve T b α for L α b (T b α ) and insert the result into K F . Analogously to the 3d case,
In this case we also choose the constant shift in (3.14) in order to avoid irrelevant linear terms of the form χ b α L α b in the kinetic potential.
The result (3.8) agrees with the classical result and hence, as in three dimensions, the functional dependence of K F on T b α is not modified by the corrections. In particular one can trivially check that the no-scale condition K
is satisfied by this Kähler potential and Kähler coordinates. It should be stressed that the modifications arise when expressing K F and T b α in terms of the finite two-cycle volumes v α b as we discuss in detail in subsection 3.2.
Before closing this subsection we note that the gauge coupling function of the 4d gauge group can equally be determined by comparing (3.3) with the M-theory result (2.41). Clearly, one also just finds the classical result when working in the coordinates T b α . More precisely, if the sevenbrane supporting the gauge theory wraps the divisor dual to C α ω α in B 3 , the gauge coupling is proportional to C α T b α . As we will see in the next subsection, also this result differs from the classical expression when written in terms the two-cycle volumes v α b of B 3 .
Volume dependence of the 4d, N = 1 coordinates and Kähler potential
In this subsection we express the 4d, N = 1 coordinates T b α and Kähler potential K F given in (3.8) in terms of finite two-cycle volumes v α b in the base B 3 . In these coordinates the corrections will reappear and we can comment on their structure.
To begin with, we introduce some additional notation. The base Kähler form is denoted by
The classical volume V 0 b of the base and the volume dependent matrix K b αβ are defined as
where K b αβγ are the triple intersection numbers of B 3 defined in (3.5). All corrections to the 4d theory will be expressed in terms of the fundamental quantity
Since the ω α are inherited from the base B 3 there always exists a curve C such that the middle equality in (3.12) is satisfied. An explicit expression for C is derived in section 4 starting from c 3 (Y 4 ) for numerous singular configurations with extra sections. Let us note that we have defined
We now can relate the two-cycle volumes v α b of B 3 to the two-cycle volumes v Σ of Y 4 . Since both v 0 and v α scale with ǫ as discussed above, one is led to set
This is the classical relation between the different two-cycle volumes. 6 One can then evaluate the N = 1 Kähler coordinates Re T b α and the real coordinates L α b in terms of the v α b . Inserting (3.13) into (2.36) and (2.39) one finds
The only non-trivial step in this computation is to relate the inverse K αβ to the inverse K
given in (3.11). We will discuss this in more detail momentarily. Before doing so, let us introduce the quantum base volume V b by setting
This equation can be viewed as an extension of the relation between the classical volumes of Y 4 and B 3 to a quantum shifted V and V b . Inserting the identification (3.13) one finds
Equation (3.16) also implies that the F-theory Kähler potential takes form
The identification of circle radius r with the coordinate R can equally be expressed in terms of the base volumes v α b and v 0 . Using (3.13) and (3.24) in (2.39) one finds that 19) with V b given in (3.17) . Note that this implies the existence of a correction to the classical identification that only involved V 0 b .
It remains to comment on the relation of K αβ and K αβ b . To this end, we need to determine the behavior of the matrix K ΣΛ in the F-theory limit. Recall that here we are restricting our attention to corrections at order l 6 M , over which we have direct control through the higher-dimensional theory, and therefore we will only retain terms up to linear order in χ. By splitting the index Σ in (0, α), the equality K ΣΛ K ΛΓ = δ Γ Σ gives rise to the following conditions:
20)
It is easy to realize that K 00 , K 0α , K αβ have leading terms which scale like ǫ −1 , ǫ −1 , ǫ 1/2 respectively. This implies that, for (3.20) to be fulfilled in general, K αβ must admit a term which scales like ǫ −1/2 . Moreover, such a term is the leading one for ǫ → 0, as otherwise L α would not stay finite in the limit. In contrast, K 0α goes to zero at least as fast as ǫ, thus ensuring the right scaling behavior of R, i.e. ǫ 3/2 . Given the following ansatz for the leading term of K αβ
with q a yet to be determined coefficient, condition (3.20) at the zeroth order in ǫ implies after using (3.13) and neglecting higher order terms that
Now, looking at condition (3.21), one realizes that there is a sum of divergent terms of order ǫ −3/2 . Requiring this sum to be identically zero for every α fixes the coefficient q to be
Note that if only one Type IIB modulus is present, the r.h.s. of equation (3.23) is identically zero, and thus K αβ vanishes in the F-theory limit, as its leading term is of order ǫ. Let us remark here that the above result is not an artifact of the F-theory limit. In fact, one can alternatively infer equation (3.23) with q as in (3.25) by matching the inverse of the classical Kähler metrics in three and four dimensions.
To further discuss the result (3.14) we stress that in addition to the constant shift in Re T b α one also finds a correction proportional to χ b (J b ). Using (3.12) this implies that Re T b α receives corrections depending on the volume of the curve C. A priori this curve needs not to intersect the divisor dual to ω α of which the classical part of Re T b α parametrizes the volume. It would be interesting to understand the origin of this 'non-locality'. This becomes particularly apparent when interpreting Re T b α as part of the seven-brane gauge coupling function as discussed at the end of subsection 3.1. In this case a local limit might exist in which one decouples gravity by sending the total classical volume V 0 b of B 3 to infinity. Note, however, that χ b (J b ) is suppressed by V 0 b and the non-local correction disappears for V 0 b → ∞. This implies that the correction is consistent with the expected local behavior in the decompactification limit.
In summary, we found the quantum corrected coordinates T b α given in (3.14) and Kähler potential (3.18) with (3.17). Both corrections appear when expressing the 4d results in terms of the geometrical two-cycle volumes v α b . We suggested that there are no further corrections to the map (3.13) in order that our results admit a reasonable string interpretation. To fully confirm this assertion, one should compute for example the D7-brane gauge coupling function. The relevant open string amplitude is at one-loop order in g s and has been studied before in various Type II set-ups in [26] [27] [28] [29] [30] . It would be interesting to perform the match with our result.
4 Weak-coupling interpretation of the α ′ correction
In the previous sections, we found that the inclusion of higher curvature terms in the M-theory reduction leads to a redefinition of the Kähler coordinates both in three and four dimensions. The main new object is
and in the following we will try to shed some light on its physical interpretation. In order to understand the physical quantities that χ Σ and the related χ(J) = v Σ χ Σ correspond to, we rewrite them in terms of geometrical objects in Sen's weak-coupling limit of F-theory [18, 19] . We summarize our results in subsection 4.1 and give a precise account of which cases they apply to. The remainder of the section is devoted to a more detailed discussion of the weak-coupling limit in these cases. In subsection 4.2 we treat those F-theory set-ups with purely non-Abelian gauge groups, while in subsection 4.3 we extend the discussion to so-called U (1)-restricted models. Finally, in subsection 4.4 we give more details on the algorithms used to check our conjectured formulas for a relatively large number of cases.
Summary of results and limitations
After singling out χ Σ as the main object of interest, let us be clear about what we mean by analyzing its weak-coupling interpretation. As is well-known, the weak-coupling limit of F-theory corresponds to Type IIB compactified on a Calabi-Yau manifold Z with orientifold planes. One obtains the manifold Z by taking the double cover of B 3 , the base of the elliptic fibration Y 4 , branched along the orientifold locus. We wish to find a geometric object inside Z that contains the same information as χ Σ . More precisely, after taking the F-theory limit, all we are really interested in are the values χ b α as defined in (3.12) . This means that we are trying to find a curve C ⊂ Z satisfying
Postponing a discussion of our methods to the following subsections, let us cut to the chase and present our results. Restricting the gauge group to be
of which we believe to have a relatively decent weak-coupling understanding and embedding the elliptic fiber in P 231 we suggest that C is given by 7
Here we denoted by W the class of the Whitney umbrella, by S ± i the brane stack and its orientifold image hosting the SU (N i ) gauge group, and by T i the brane stack on which the U Sp(2N i ) gauge theory is located. For U (1)-restricted models with a simple non-Abelian gauge group, the Whitney umbrella splits into two pieces denoted by W ± and we conjecture that the curve can be written as
For the sake of brevity we used the abbreviation c 1 = [π ′ * c 1 (B 3 )] with π ′ : Z → B 3 the projection from the double cover Z to the base manifold in the above formulas and will continue to do so from here on.
Given a clear geometric expression for C, one can try and find a physical interpretation for the topological quantities χ b α defined in (4.2). First of all, apart from some shifts proportional to c 1 , C can roughly be interpreted as the curve over which the D7 branes intersect themselves in the manifold Z. One explanation for the presence of the c 1 shifts might be that they correct effects of the orientifold planes, as the orientifold locus has class c 1 . However, it is not entirely clear to us how this correction works. Let us denote the base divisor dual to ω Before proceeding to the computations, let us be very clear about the class of models that we suggest our formulas apply to. In the absence of Abelian gauge groups, we believe that our result (4.4) holds very generally and depends neither on the total number of gauge group factors nor on the rank of the single factors. 8 As soon as one allows for Abelian gauge factors, things become more complicated and (4.5) only holds as long as the non-Abelian gauge group is simple and the U (1) gauge group can be obtained by U (1)-restriction [32] .
To this end, let us note here that not every F-theory model with a single U (1)-factor can be obtained by U (1)-restriction, or phrased differently, by embedding the elliptic curve inside the toric surface F 11 , see [33] for notation. An easy way of seeing this uses the classification of tops [34] . Taking for example SU (5), there exists only one top [33] with fiber F 11 . However, since the top already fixes the matter split, i.e. imposes a condition on the U (1) charges of the non-Abelian representations 9 , one has that the U (1)-charge of 5 representation must satisfy
In more general models, this need not be the case and (4.5) does not apply to those. More generally, F-theory models obtained from Calabi-Yau manifolds with elliptic fibers embedded in other spaces than F 11 appear to be described by (4.5) if and only if they have the matter split as the U (1)-restricted model with the same non-Abelian gauge group. In the examples we studied, all tops with generic fiber F 11 that give rise to flat fibrations had the same matter split, namely the straightforward generalization of (4.6):
for N even
for N odd (4.7)
It would be interesting to find a general proof that U (1)-restricted models always have this matter split.
Finally, we wish to remark that there does appear to be a similar logic for arbitrary splits and F-theory models with both Abelian and multiple non-Abelian gauge factors. While we would generally expect the same logic to hold for these more general cases, we currently do not have elegant expressions for W ± in these scenarios. Studying those set-ups and improving our current understanding of the weak coupling limit for arbitrary gauge groups would be an interesting problem.
Weak coupling with non-Abelian gauge groups
Let us begin by briefly reviewing the Sen limit of an elliptically fibered fourfold with fiber embedded in P 231 . In that case we can take its defining equation to be given in Tate form as
and the singularities of the elliptic curve are located at the zero locus of its discriminant
where β i is given by
In order to take the weak-coupling limit, one sets [36] β 2 = −12h, β 4 = 2ǫη, and β 6 = − ǫ 2 4 χ and obtains
Next, one defines the Calabi-Yau threefold Z as the double cover of B 3 branched over h = 0 as Z : ξ 2 = h. In the limit ǫ → 0, the F-theory model then reduces to Type IIB string theory compactified on the orientifold obtained by quotienting Z by the orientifold involution σ : ξ → −ξ. A careful analysis of the monodromies along the singular loci of the Calabi-Yau fourfold reveals the presence of O7 and D7 branes at
where the D7-brane takes the shape of a Whitney umbrella [37, 38] . From these expressions one easily reads off the cohomology classes of the forms dual to these divisors. They are
Having concluded a discussion of the smooth case, we now begin to enforce singularities along certain divisors of the base and study the pullbacks of these divisors to the double cover Z. Let S : s = 0 (4.14)
be a divisor in the base manifold B 3 . According to the Tate algorithm, we can then generate a non-Abelian singularity along S by restricting the coefficients a i in such a way that they vanish along S to a certain order. Since it will turn out to be the simplest case, we begin by considering U Sp singularities. To create an U Sp(2N ) singularity one must restrict a i in such a way that they factor as [39]
Plugging this form of a i into (4.11), one finds that it factorizes as
One can then take the Whitney umbrella to be defined by the remaining I 1 locus
Let us now take a closer look at the projection π ′ : Z → B 3 and study the pullback π ′ * S. In fact, for U Sp(2N ) singularities this is simply 18) and in particular π ′ * S is generically irreducible if there is a U Sp singularity along S.
Next, let us consider SU (N ) singularities. In this case, one must choose Tate coefficients a i such that
where ⌊N/2⌋ denotes the greatest integer smaller than N/2 and ⌈N/2⌉ the smallest integer greater than N/2. This implies that the discriminant must factor as
As before, we set
Now, however, we encounter the crucial difference between the symplectic and the unitary case. Unlike for U Sp, a 2 vanishes on S. Considering again the pullback of S to the double cover, one finds that
is not irreducible anymore. Instead, it clearly has two components
where we introduced the short-hand
The factorization of a 2 creates a conifold singularity in Z which cannot be resolved while keeping both the Calabi-Yau condition and the orientifold symmetry [36] 10 . As done in [41] , in what follows we will always restrict to base manifolds B 3 whose topology does not allow the curve {a 1 = a 2,1 = 0} to intersect the surface {s = 0}, thus assuring smoothness of the double cover. Plugging in the equations, one sees that S + and S − intersect precisely on their respective intersection curve with the O7 plane. To see this explicitly, simply compare the defining equations:
To summarize, the pullback of one of the base divisors S hosting an SU singularity to the double cover Z of the base branched over the orientifold locus is given by
and SU (N ) brane stacks intersect with their images stacks only on the orientifold plane, allowing us to interchange the following three terms at will:
After dealing with the brane stacks hosting the non-Abelian gauge theories, we turn to the last remaining piece, the Whitney umbrella. From the equations given above one readily reads off that for Tate models with gauge group G as in 4.3 its homology class inside the double cover Z is given by
where we abbreviated π ′ * T j as T j and took it to be the divisor on which the U Sp(2M j ) gauge singularity is located.
Weak coupling for U(1)-restricted models with non-Abelian gauge groups
We would now like to understand what happens to W after U (1)-restricting a given Tate model. To do so, recall that a U (1)-restriction amounts to enforcing a 6 ≡ 0. The additional divisor class introduced by resolving the singularity caused by this restriction gives a second section of the fibration, which in turn gives rise to an additional U (1) gauge factor. In order to understand what happens to W upon such a restriction, we need to take a closer look at the Whitney umbrella part of the discriminant, which we denoted ∆ ′ above.
Beginning with the simplest conceivable model, the one without any non-Abelian gauge singularities, one finds that 29) where the term in square brackets denotes the familiar Whitney umbrella. At the level of the Tate form, it is easy to understand what it means to embed the elliptic fiber inside F 11 as opposed to P 231 : It splits into the two pieces defined by
which both have homology class
One therefore clearly sees that a U (1) restriction amounts to the Whitney umbrella splitting into a brane and image brane. Next, one needs to generalize this to models with additional nonAbelian gauge factors. As it turns out, this generalization is fairly straightforward for SU (2N ) and U Sp(2N ), while requiring a bit more care when defining the split Whitney umbrella for the case of SU (2N + 1).
We begin by discussing the split Whitney umbrella for SU (2N ). As before, we place the non-Abelian singularity on a divisor in the base manifold B 3 defined by the vanishing of a single coordinate s. In the weak coupling limit we see that the defining equation of the Whitney umbrella takes the form [41] 
and we again find that W splits into two irreducible pieces W ± . Both of them have the same homology class, namely
In the next step, we proceed with the case of U Sp(2N ). In fact, the only difference to the SU (2N ) case is that a 2 does not factorize. However, since both W + and W − depend only on the invariant divisor class S, the discussion carries over immediately. We therefore find that the homology classes of the split Whitney umbrella are
Last but not least, let us take care of SU (2N + 1). Due to the fact that the discriminant vanishes with an odd power of s, that is 35) it is a bit more tricky to properly define the Whitney umbrella. In the local patch away from the D7-stack one now finds that
where, as before, the first term vanishes after setting a 6 ≡ 0. In order to obtain the split Whitney umbrella one uses the same trick as in the previous subsection and notes that on the threefold Z the divisor S splits into two irreducible components. As the example in [42] suggests, one may find an alternative way of defining Z such that S + and S − can separately be written as the complete intersection with Z of a unique equation in the ambient space 11 , unlike what happens for the above definition of Z, where this is only true for S + + S − . In other words, there may exist polynomials s + , s − , r + , r − such that 37) and, in particular, 38) where the divisors S + and S − do not necessarily need to have the same homology class. This is expected to hold generally for smooth, SU (3) holonomy Calabi-Yau threefolds, since the group of their 4-cycles is completely specified topologically to be H 1,1 (Z), and thus all 4-cycles are algebraic anywhere in the complex structure moduli space. We can therefore write
Having brought ∆ ′ SU (2N +1) in this form, one can easily read off the homology classes of W ± :
Note that the two irreducible components of the Whitney umbrella have different homology classes if and only if the classes of the SU (2N + 1) brane stack and image brane stack are different as well.
Computational strategies and survey
After introducing the geometric objects relevant in the weak-coupling picture of our F-theory setups, we turn to the actual derivation of our main result, equations (4.4) and (4.5). In principle, it is possible to derive these two formulas analytically. To do so, one can write down a general Tate model, engineer singularities by restricting coefficients accordingly, resolve them and use known intersection relations to reduce c 3 (Y 4 ) ∧ J to an expression in terms of quantities on the base manifold B 3 . Once one has an expression for c 3 (Y 4 ) ∧ J in terms of quantities on B 3 , this can then be lifted to Z. In appendix B we exemplify this method for a simple U Sp(2) F-theory set-up.
In practice, this approach quickly becomes very cumbersome. As a way out, we automated the calculation and used an algorithm to calculate C for a range of examples. Let us go into a bit more detail and outline the algorithm that we applied. The basic idea is as follows: For D7-branes located along a certain set of divisors {S 1 , . . . , T 1 , . . . }, one expects the curve C to be given by a linear combination of all the curves one can obtain from taking intersections between the D7-brane divisors and the divisor Poincaré-dual to c 1 (B 3 ). One can thus write down the most general ansatz, consisting of said
terms. Next, one chooses a base manifold B 3 and selects the gauge groups hosted on the D7-brane divisors. In toric language, choosing a gauge group corresponds to determining a set of tops [43, 34] sharing the same generic fiber space. After requiring flatness in codimension 2 on B 3 [44, 33] , see also [45, 46] , one makes an explicit choice for the D7-brane divisors S i and T i . This choice fixes the location of the tops over the base manifold. Using the methods developed in [33] 12 , one can then construct all Calabi-Yau fourfolds containing the given base and tops. After choosing one of these fourfolds, it is straightforward to compute its third Chern class and to calculate intersection numbers with a base of divisors. By demanding
one thus obtains a set of linear constraints that the expansion coefficients for C have to satisfy. Figure 1 describes how to iterate this procedure. Instead of using a single basis, one can use a set of base manifolds, find all homologically inequivalent tuples of base divisors and then enforce (4.41) for all such manifolds Y 4 . In creating such a large number of manifolds, we heavily relied on the methods and code developed in [44, 35, 33, 49] . 13 Let us emphasize here that while the algorithm described here deals with computing the image of c 3 under the F-theory limit, it is straightforward to generalize this set-up to compute other quantities that might be challenging to obtain analytically.
Unlike the analytic computation, this is of course by no means a rigorous proof. Nevertheless, the above procedure quickly produces highly overconstrained systems of linear equations for a variety of bases. In all of these cases, we verified that there exist unique solutions fitting furthermore into the logic of equations (4.4) and (4.5). We therefore believe that our findings are relatively robust.
Specify n U Sp symplectic tops.
Specify n SU unitary tops.
Specify a set of base manifolds
Ensure equality of generic fibers and absence of nonflatness in codimension 2.
Take most general ansatz for C ⊂ Z.
For each tuple of n T divisors of B i 3 do:
For every fourfold Y 4 with given tops and base B i 3 do:
Determine coefficients in ansatz for C from all the results for Note that the three diamond-shaped nodes corresponds to three nested loops and that the input to the algorithm is symbolized by the three green boxes.
Last, but not least, let us close this section with a concrete survey of the gauge groups that we studied in order to verify (4.4) and (4.5). For models with purely non-Abelian gauge groups we studied simple gauge groups with rank ≤ 10 and gauge groups with two or three simple factors and rank ≤ 7. Furthermore, we examined U (1)-restricted models with simple non-Abelian gauge groups of rank ≤ 10. For those cases, we found the following expressions to hold:
Using the expressions for the Whitney umbrella and the pullbacks of the gauge group divisors to the double cover Z given in subsections 4.2 and 4.3, one can confirm that the formulas are equivalent to equations (4.4) and (4.5).
Conclusions
In this work we performed the classical Kaluza-Klein reduction of two known higher-derivative couplings of 11d supergravity in an unwarped compactification on a Calabi-Yau fourfold. In eleven dimensions, the two correction terms arise at order l 6 M and take the schematic form R 4 and G 2 4 R 3 in terms of the Riemann tensor and the M-theory four-form field strength G 4 . We analyzed the consequences for the ensuing 3d, N = 2 effective action and found that both the total volume of the Calabi-Yau fourfold and the 3d, N = 2 Kähler coordinates are non-trivially corrected at order l 6 M . The first correction modifies the classical expression of the 3d Kähler potential in terms of two-cycle volumes, whereas the second is a shift of the classical volume of holomorphic six-cycles that also depends on the two-cycle volumes. The two corrections combine in such a way that the functional dependence of the 3d Kähler potential on the 3d, N = 2 Kähler coordinates remains classical. Let us note that there actually exists a one-parameter family of 3d, N = 2 Kähler coordinate deformations in terms of the considered basic geometric quantities of Y 4 under which the Kähler potential retains its classical functional dependence. The reduction of the 11d G 2 4 R 3 coupling was therefore crucial to directly deduce the Kähler metric and to identify the correct 3d, N = 2 Kähler coordinates.
Next, we examined the lift of such corrections to the 4d, N = 1 effective theory obtained from an elliptically fibered Calabi-Yau fourfold compactification of F-theory by making use of the Mtheory/F-theory duality. In doing so, we found a natural map between the 4d and the 3d Kähler coordinates and confirmed that the functional dependence of the Kähler potential remains classical also in four dimensions. Furthermore, we expressed the 4d Kähler potential as well as the Kähler coordinates and their Legendre dual variables in terms of two-cycle volumes and intersection numbers of the base manifold. Written in this form, both the Kähler potential and Kähler coordinates receive non-trivial α ′2 corrections depending on the volume and intersections of a specific curve C in the base of Y 4 . This curve is defined by using the third Chern class of Y 4 and shown to crucially depend on the seven-brane configuration present in the compactification.
In order to gain a deeper understanding of the corrections parametrized by C we examined the 4d F-theory reduction in the Type IIB weak string coupling limit. The resulting set-up admits space-time filling D7-branes and O7-planes. We suggested the simple geometric expressions (4.4) and (4.5) for the curve C in terms of the D7-brane and O7-plane locations. In order to test these expressions we developed an algorithm to systemically perform this computation for a range of examples with multiple Abelian and non-Abelian gauge group factors. We infer that the selfintersection curve of each D7-brane present in the weakly coupled background contributes to C and hence induces an α ′2 correction. In particular, these corrections are due to open string diagrams and they rely on having D7-branes which have proper self-intersections. Indeed, not only do the corrections vanish in the absence of D7-branes, but also in N = 2 compactifications in which the D7-branes are parallel.
In the presented general F-theory reduction a linear combination of the 4d, N = 1 Kähler coordinates is found to be the seven-brane gauge coupling function in the effective theory. This is also the case when including the eight-derivative couplings of M-theory and performing the duality to F-theory. The correction we find non-trivially shifts the gauge coupling function from its classical value, represented by the Einstein frame volume of the divisor wrapped by the seven-brane gauge stack. As the Kähler coordinates themselves, the shift depends on the volume and intersections of the curve C. In particular, this shift can contain volumes of curves that do not meet the sevenbrane with the considered gauge coupling function. This seemingly 'non-local' contribution does, however, vanish in the decompactification limit corresponding to decoupling gravity. Considered at weak string coupling a simple counting of powers of the string coupling shows that the relevant amplitude which computes such a shift is at one-loop order. Since it would be interesting to have an independent string derivation of this correction, let us mention here that gauge coupling corrections were computed for certain F-theory set-ups in [53, 20] and for general classes of Type IIA torus orientifolds for example in [26] [27] [28] [29] [30] , see also [1] for a comprehensive review of orientifold set-ups. Naturally, finding a map between those string corrections and the one we found would be gratifying. While constructing compactification manifolds in F-theory, which reduce to the class of orientifolds that are under computational control as far as worldsheet corrections are concerned, may turn out to be a non-trivial task, it seems plausible that the qualitative behavior of both corrections can be matched in certain limits.
Finally, let us comment on the implications on the search for new string vacua. As explained in section 3, the fact that the corrections to the Kähler coordinates T b α are non-holomorphic suggests that the functional dependence of the superpotential W (T ) remains uncorrected. A nonperturbative superpotential depending on the T b α can arise, for example, from seven-brane gaugino condensates or D3-brane instantons. Consistent with the above observations both the gauge coupling function of the seven-brane stack and the D3-brane instanton action need to receive corrections. Clearly, if both W (T ) and the Kähler potential have the same functional dependence as in the classical reduction the search for vacua remains unmodified. However, it might be interesting to combine our redefined Kähler coordinates with additional corrections to the Kähler potential and to revisit [54, 55] in this light.
The Riemann tensor is defined as
and the Ricci tensor and the scalar curvature as
The Riemann tensor and the Ricci tensor obey the symmetry relations
Written in components, the first Bianchi identity and the second Bianchi identity are
A.1 Complex manifolds
Let M be a complex Hermitian manifold with dim C M = n and 2n real coordinates {ξ 1 , ..., ξ 2n }.
We define the complex coordinates to be
Using these conventions one finds
with g the determinant of the metric in real coordinates and √ det g ab = det g αβ . The Kähler form is given by
Let ω p,q be a (p, q)-form, then * ω p,q = (−1)
A.2 Chern classes
We define the curvature two form for Hermitian manifolds to be .11) and
The Chern classes can be expressed in terms of the curvature two form as
The Chern classes of the n-dimensional Calabi-Yau manifold Y n reduce to c 3 (Y n≥3 ) = − 
A.3 Explicit form of the higher-derivative terms
In this subsection we discuss the explicit form of the terms in the action in equations (2.2) and (2.3). In the following we define the scalar functions t 8 t 8 R 4 , ǫ 11 ǫ 11 R 4 , t 8 t 8 G 2 4 R 3 , and ǫ 11 ǫ 11 G 2 4 R 3 .
Let us define the tensort in real coordinates [56] For a generic antisymmetric tensor M the following relation holds:
Expressed in components, the terms appearing in the action (2.1) are 17) and
Additionally, one has
where a, b denote flat 11-dimensional indices, 20) and
Let the subscript R denote the curvature two-forms in real coordinates, i.e.
The traces of curvature two-forms in real coordinates are defined analogously to those in complex coordinates as in (A.12), but with an additional factor 
A.4 Results of the reduction
In the following we give the results of the dimensional reduction of the higher derivative corrections in (2.3). We consider only terms which have two external derivatives and hence the various index summations reduce to those ones where two indices of each G 4 are external and the remaining summed indices are purely internal. In this spirit, the reduction of t 8 t 8 G 2 4 R 3 yields
The symbols • schematically represent all appearing permutations of internal indices due to the index structure of the t 8 tensor. One then reduces ǫ 11 ǫ 11 G 2 4 R 3 and finds 1 96
Thus one has
These eight terms, each containing different index summations between three Riemann tensors and the components of two (1, 1)-forms, can be rewritten using three curvature two-forms and two (1, 1)-forms as in (2.30).
A.5 Identities
In this section we prove some identities that are necessary to derive the result of subsection 2.2. By choosing coordinates and using (A.9) and (A.10), one can straightforwardly show that * 8 J 4 = 4! and
Furthermore, one can show that
(A.31)
These identities follow from using the topological intersection numbers (2.21), (2.22) , and K 0 ΛΛ ′ , the inverse ofK
with K ΣΛ the inverse intersection numbers, which obey K ΣΓ K ΓΛ = δ Σ Λ . Let {ω Σ } be the dual basis of (3, 3) -forms, which fulfill the relation ω Σ ∧ ω Λ = δ Σ Λ . Then one finds
In the following the identities (A.27) -(A.31) are derived under the assumption that the underlying space is a 4d Kähler manifold. We begin by showing identity (A.27), whose analog for a 3d Kähler manifold was derived in [57] . Using (A.10) one finds
with Tr ω Σ = ω α Σα . If ω Σ is harmonic, then Tr ω Σ is covariantly constant. Thus one can separate it from the integrand and evaluate the integral. One has ω Σ ∧ J 3 = −6iTr ω Σ * 8 1 and hence
Combining the two previous equations one arrives at (A.27). Under certain assumptions, which shall be stated later, this scalar expression is covariantly constant and thus one has
In order to show (A.31) one expands * 8 (ω Σ ∧ ω Σ ′ ∧ J) = Ω Λ ΣΣ ′ ω Λ in a basis of (1, 1)-forms. Let {ω Σ } be the dual basis of (3, 3) -forms, which span a space isomorphic to H (1,1) on a Kähler manifold, and thus also on a Calabi-Yau fourfold. Making use ofω Σ = −V 0K 0 ΣΛ * 8 ω Λ and applying (A.27) one finds
Next, we show that Tr ω is covariantly constant if ω is a harmonic form. Recall that a form ω is called ∂-harmonic (∂-harmonic) if ∆ ∂ ω = 0 (∆∂ω = 0). A ∂-harmonic (∂-harmonic) form satisfies ∂ω = 0, and − * ∂ * ω = 0 (∂ω = 0, and − * ∂ * ω = 0). On a Kähler manifold ∆ = 2∆ ∂ = 2∆∂, which implies that any∂-harmonic form is automatically ∂-harmonic and vice versa. In particular, any harmonic form satisfies ∂ω = 0 and ∂ * ω = 0 due to the injectivity of the Hodge star operator. Additionally, on a Kähler manifold one can show that one can replace the partial derivative with the covariant one in certain cases like From ∂ * 8 ω = 0 one finds that ∇ α ω α γ = 0 and thus the claim follows.
In the next step, we would like to show that
is covariantly constant for specific choices of ω andω. Therefore we assume that τ = ω ∧ω is a harmonic (2, 2)-form. This statement is equivalent to claiming that for any two classes 
B Reducing the third Chern class analytically
In this appendix we exemplify how to perform the reduction c 3 → [C] analytically by emulating the calculations performed in [58, 31] for the second Chern class. We begin by considering a Calabi-Yau fourfold with elliptic fiber embedded in P 231 , since the Tate algorithm allows us to easily specify the non-Abelian singularity on the GUT divisor. Let us assume that the GUT divisor T is defined as t = 0 for some t. In order for the elliptic curve to have an U Sp(2) singularity on D, we must then have that a 3 = a 3,1 t a 4 = a 4,1 t a 6 = a 6,2 t 2 , (B.1)
where a 3,1 , a 4,1 and a 6,2 do not vanish over all of T . With these conventions, the fourfold Y 4 is singular over the locus x = y = t = 0 (B.2) and we therefore need to resolve it. In order to do that, we use a trick and realize Y 4 as a complete intersection in a six-dimensional ambient space X 6 as X 6 : y 2 + a 1 xyz + a 3,1 σyz 3 = x 3 + a 2 x 2 z 2 + a 4,1 σxz 4 + a 6,2 σ 2 z 6 σ = t. (B.3)
Using this embedding, we can easily blow up X 6 using toric methods. In doing so one introduces another homogeneous coordinate, which we denote by e and an additional scaling relation. In Table B .1 we list all the relevant toric data. Note that we abbreviated the first Chern class of the base manifold by c 1 ≡ c 1 (B 3 ). After performing the blow-up X 6 →X 6 , one can easily determine the total Chern class ofX 6 . It is c(X 6 ) = c(B 3 )(1 + T − E)(1 + 2c 1 + 2ω 0 − E)(1 + 3c 1 + 3ω 0 − E)(1 + ω 0 )(1 + E) , (B.4)
where we defined the divisor classes ω 0 and E with respect to the torus action as In order to simplify the resulting expressions, one can derive identities among the cohomology classes c 1 , ω 0 , T and E by using the Stanley-Reisner ideal of the toric variety. From Table B .1 one reads off that xyz, σxy, ez ∈ SR(X 6 ) . since E projects to a divisor on B 3 and four vertical divisors generically do not intersect. Consequently, in the F-theory limit, the only surviving contributions to Ỹ 4 c 3 ∧ JỸ 4 take the form 13) as ω 0 is the cohomology class of the section ofỸ 4 . As initially expected, we therefore find that the higher curvature correction does reduce to an integral over the base manifold. Multiplying out (B.6) to find the precise coefficients one ends up with
[C] ∧ J b , (B.14)
where C SU (2) = −60c This is precisely what (4.4) reduces to for gauge group G = U Sp(2).
